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Introduction

W AITING for the decay of vibrations caused by thruster � r-
ing reduces time for data taking in spacecraft operations.

This Note is concerned with vibration reduction following thruster
� ring for orbit adjustment. The principle used for vibration reduc-
tion in a robust manner is input shaping,1 which was originally
proposed for command shaping in distinct steps and was demon-
strated during the shuttle manipulator arm slewing. An equivalent
technique implemented in terms of time-delay control was estab-
lished in Ref. 2. The method of Ref. 1 was extended to constant
magnitude on–off thrusters in Ref. 3. Input shaping is an effective
and easy-to-implement technique that has been used in disk drive
positioning,4 � exible robot arm control,5 and many other applica-
tions and has been proposed as a baselinedesign feature for slewing
and momentum dumping of the Next Generation Space Telescope.6

In this Note we describe two ways of shaping of a thrust–time
pro� le for vibration suppression. The � rst method uses constant
magnitude on–off thrust, where the thruster switching times are
computed by solving the input shaping equations of Ref. 1 together
with the equation for thrust impulse to be imparted. The second
approach uses a two-level thrust by convolution of the thrust pulse
with the three-impulse sequence of Ref. 1, and then scales up the
torque by the method of Ref. 7. In both cases, input shaping is done
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Table 1 Timed impulse sequence for
constant magnitude on off thrust

ti Ai

0 1
t1 ¡1
t2 1
t3 ¡1
—— ——
tn ¡ 1 1
tn ¡1

for one dominant mode that is excited by the closed-loop control.
A detailednonlinear � exible multibodydynamics model with many
appendagevibrationmodes is then used for simulationof the space-
craft, based on a code with the dynamics formulation of Ref. 8, to
verify the effectivenessof vibration suppression.

Vibration Reduction Following Thruster Firing
On–off thrust of constantmagnitudecan be seen as the result of a

convolutionof a step with the sequenceof impulsesgiven in Table 1.
Singer and Seering1 derived the basic result of robust vibration

suppression by applying a sequence of n impulses on a vibratory
system.For the timed sequenceof impulsesofTable 1, the equations
for zero residual vibration for the j th mode become

nX

i D 1

.¡1/i sin ! j ti D 0; j D 1; 2; : : : (1)

1 C
nX

i D 1

.¡1/i cos ! j ti D 0; j D 1; 2; : : : (2)

Robustness to frequency modeling error gives rise to the equations

nX

i D 1

.¡1/i ti sin ! j ti D 0; j D 1; 2; : : : (3)

nX

i D 1

.¡1/i ti cos ! j ti D 0; j D 1; 2; : : : (4)

The requirement of net impulse I for orbit adjustment from thrust
of magnitude F translates to the condition

F.t1 C t3 ¡ t2 C ¢ ¢ ¢ C tn ¡ tn¡1/ D I (5)

For a single mode to suppress, Eqs. (1–5) have � ve unknown times
to solve for three pulses starting at t D 0. For two modes to suppress,
these represent nine equations in nine unknown times, the solution
of which provides � ve pulses. In general, we see that there is an
exact solution possible for the 4n C 1 impulse times suppressing n
modes and meeting the net impulse requirement by .2n C 1/ timed
pulses.

An alternativeto the precedingapproachis the scaledconvolution
method, which scales and successively convolves the thrust–time
history with the three-impulse sequence1 for each vibration mode
of period Ti , i D 1; : : : ; n:

F.t/ D ®F[u.t/ ¡ u.t ¡ ¿ /] ¤ [0:25±.t/ C 0:5±.t ¡ T1=2/

C 0:25±.t ¡ T1/] ¤ ¢ ¢ ¢ ¤ [0:25±.t/ C 0:5±.t ¡ Tn=2/

C 0:25±.t ¡ Tn/] (6)

where F is the maximum thruster force; u.t/ is the unit step func-
tion; u.t ¡ ¿/ is the delayed step function, where ¿ is the unshaped
thruster duration; ±.t/ is the impulse function; and ±.t ¡ Ti / is the
impulse function delayed by Ti , the period of vibration of the i th
mode to be suppressed. In Eq. (6), ® is a scale factor; normally, if
the unshaped thruster pulse duration is greater than the period of
vibration, ® is unity. However, if the nominal thruster � ring time
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is less than the period of vibration, the maximum value of the con-
volved thrust is less than the available maximum. In such a case,
the maximum available thrust is imagined to be scaled up by ® so
that after convolution the maximum thrust required becomes equal
to the real limit. When there are n modes to be suppressed,the right-
hand side in Eq. (6) results in a multilevel thrust– time history. This
solution reduces to a two-level thrust for a single mode of vibration
to suppress.

Numerical Simulation
For numerical demonstration,we consider a spacecraft orbit ad-

justment that calls for a certain thrust– time impulse to be imparted.
A detailed multibody dynamics model that includes the coupled
rotationaldynamics of the spacecraftwith the � exible body dynam-
ics of the solar panels and the dynamics of the controller is used
for simulation. Attitude is controlled by a proportional–integral–

Fig. 1 Vibration response with and without shaping of thruster on–off pro� le by constant magnitude thrust and stepped thrust due to scaled
convolution.

Fig. 2 Thruster on–off pro� le with and without constant magnitude shaping.

derivative (PID) controller and the frequency of vibration domi-
nantly excited is estimated from a closed-loop time response for
the operating control gain. For a speci� ed impulse requirement for
in-track orbit adjustment and the estimated frequency of vibration
to suppress, Eqs. (1–5) are solved for the thruster switching times.
In all of the simulations to be reported, the thrusters are turned on
after 5 s to show the quiescent state maintained by the PID control
before thruster � ring.Figure 1 shows the resultsof appendagevibra-
tion responsewith closed-loopcontrol, for in-track tip displacement
in response to 3-lbf ¢ s (13.34-N ¢ sec) impulse for scaled covolution
(SC), nonlinearequation(NL), andunshapedcases.The threecurves
in this plot show the superiorityof thruster shapingover no shaping
and demonstrate the equivalence of the constant magnitude thrust
shaping and the stepped thrust given by scaled convolution.

Figure 2 shows the on–off thrust pro� les of 3-lbf ¢ s impulseof the
constantmagnitudeshapedandunshapedthrusterused in generating
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Fig. 3 Thruster on–off pro� le with and without scaled convolution of thrusters.

Fig. 4 Demonstration of robustness to knowledge error in shaper frequency.

two of the curves of Fig. 1. Figure 3 shows the thrust pro� le of 3-
lbf ¢ s impulseobtainedby SC, comparedto the unshapedthrust.Ro-
bustness of the thrust shaping solution based on the three-impulse
sequence is well known. For the constant magnitude thrust shap-
ing, robustness to knowledge error in frequency of vibration to be
suppressed is demonstrated in Fig. 4, by using the nominal on–off
thrust– time historyfor caseswhen the system frequencyis increased
anddecreasedby15%.From Figs. 1–4, it is clear that the thrustshap-
ing methods are not only effective for vibration reduction but also
robust to errors in estimating the frequencyof vibration to suppress.

Conclusions
Two equivalent methods for thruster shaping for vibration sup-

pression are presented. The advantage of the � rst method is that
it uses constant magnitude thrust, with the disadvantage that it

requires the solution of 4n C 1 nonlinear equations for suppressing
n modes of vibration.The second method has the advantageof sim-
pler computation, being based on direct convolution with scaling
of the three-impulse sequence for a mode, but has the disadvan-
tage of a multiple-step-level thrust. It is shown that input shaping
of thrusters is quite effective and robust to frequency errors in re-
ducing vibrations following thruster � ring. Any desired change in
tuning frequencycan be recognized from attitude control gyro data
from the spacecraft.The method does not require frequent � ring of
thrusters and comfortably meets usual minimum-pulse-width mar-
gins. Thruster misalignment may cause attitude errors but will not
affect vibration reduction if the switching times are maintained;
thruster uncertainty in achieving desired on–off times will, how-
ever, adversely affect vibration suppression beyond the robustness
threshold.
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I. Introduction

F UTURE solar physics missions will require the ability to repo-
sition multiple spacecraft at different azimuthal positions rela-

tive to the Earth, while remaining close to a one year circular orbit.
Such azimuthal repositioningwill allow stereoscopicviews of solar
features to be generated and will allow imaging of coronal mass
ejections as they transit the sun–Earth line. The NASA STEREO
mission, which is scheduled for launch in 2005, will utilize two
spacecraft to perform such tasks. Both spacecraft will be launched
on a Delta II 7925 and will use multiple lunar gravity assists to ma-
neuver the spacecraft onto leading and trailing heliocentric orbits.
The two spacecraftwill then drift ahead of and behind the Earth on
free-drift trajectories,with increasingEarth–sun–spacecraft angles.

One limitation of such free-drift trajectories is that the Earth–
sun–spacecraft angle is uncontrolled. It would be advantageous to
stop the spacecraftdrift at certain azimuthal positions relative to the
Earth to perform various observing campaigns. Different observa-
tions requiredifferentspacecraftangularseparationsto optimize the
missionsciencereturn. In principle,such controlis possibleby using
chemical propulsion to start and stop the azimuthal drift. However,
as will be seen, such maneuvers can incur a large accumulated1v.
In this Note, the use of small solar sails is investigatedto control the
spacecraft azimuthal drift using solar radiation pressure. Because
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propellant mass is not an issue for solar sails, there are bene� ts in
launch mass reduction over chemical propulsion.

The problem is investigatedusing analyticalmethods by lineariz-
ing the solar sail two-body equationsof motion in the vicinityof the
Earth’s orbit. When polar coordinates are used, only small depar-
tures in orbit radius are required to ensure that the linear solutions
provide a good representationof the solar sail trajectory. A simple
two-step sail steering strategy is then investigated and the sail atti-
tude is optimizedto providethe largestchange in azimuthalposition
relative to the Earth for a � xed maneuver duration. Last, a compari-
son is made with chemical propulsion, and the bene� ts of solar sail
propulsion for such maneuvers is assessed.

II. Relative Equations of Motion
The heliocentric equations of motion for an ideal, planar solar

sail may be written in plane polar coordinates (r; µ ) as1

Rr.t/ ¡ r.t/ Pµ.t/2 D ¡[¹=r .t/2].1 ¡ ¯ cos3 ®/ (1a)

r .t/ Rµ .t/ C 2Pr.t/ Pµ.t/ D ¯[¹=r.t/2] cos2 ® sin ® (1b)

where r .t/ is the heliocentricdistance of the solar sail from the sun
at time t , µ .t/ is the polar angle of the solar sail measured from
some reference direction, and ¹ is the gravitational parameter of
the problem. Because both solar radiation pressure and solar grav-
ity have an inverse square variation with heliocentric distance, the
sail performance can be parameterizedby the sail lightness number
¯ , de� ned as the ratio of the solar radiation force to the solar grav-
itational force acting on the solar sail. The total sail mass per unit
area ¾ is related to ¯ using ¯ D 1:53=¾ .g ¢ m¡2) (Ref. 1). The sail
pitch angle ® is de� ned as the angle between the sun–sail line and
the sail normal.

Here, we are interested in trajectories that will result in a large
change in polarangle,butonlya small changein orbit radius.In orbit
to investigatesuch trajectoriesanalytically,a new set of coordinates
will be de� ned to facilitate the linearizationof Eqs. (1), as shown in
Fig. 1. The coordinateswill be referencedto the instantaneousposi-
tion of the Earth, given in polar coordinates (r; µ ) by [R; !.t ¡ t0/],
where R is the orbit radius of the Earth and ! D

p
.¹=R3/ is the or-

bital angular velocity of the Earth. When de� ning ».t/ D r .t/ ¡ R
and Á.t/ D µ .t/ ¡ !.t ¡ t0/, the equations of motion can be lin-
earized to allow analysis using analytical methods.

Equations (1) will now be expanded to � rst order, so that terms
of order .»=R/2 and above are neglected. In addition, because only
small solar sails will be considered,terms of order¯.»=R/ are taken
as second order and so are neglected.Neglecting these mixed terms

Fig. 1 Solar sail polar coordinates transformed relative to the Earth.


